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One approach to the calculation of Fourier trigonometric coefficients f(r)
of a given function f(z) is to apply the trapezoidal quadrature rule to the

integral representation

f(r) = /01 fx)e ™™ dx,

Some of the difficulties in this approach are discussed. A possible way of
overcoming many of these is by means of a “subtraction” function. Thus,

one sets

f(x) = hyp1(x) + gp(2),
where h,_1(z) is an algebraic polynomial of degree p — 1, specified in such a
way that the Fourier series of g,(z) converges more rapidly than that of f(z).

To obtain the Fourier coefficients of f(x), one uses an analytic expressionfor

those of h,_1(z) and numerical quadrature to approximate those of g,(z).
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PART 1: FOURIER SERIES

A Few Classical Results

of a

Straightforward Nature



Fourier series over [0,1] for g(x).
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f(x) =ap + a1cos2mx + aprcosdrx + ...

+ bisin2rxz+ brsindnx + ...
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Example 1: f(z) =e*/(e*—1) a=4% ~36
apgp ~ 0.3
aip = 1073 ajgo = 107° aio00 = 1077

biopo = 1.3 X 1073 b1000 1.3 x 1074
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Example 2: f(z) = 1_2pcl(;p2m_p2 p = \/%_o = 0.32

ap=1 a1 =0.32 a>» = 0.1 a3 = 0.032 a4 = 0.01
as; = 0.0032 ag = 0.0001
aip = 10-°

108

aie



f(x) is C*[0, 1] and bounded variation.
(0) Under these circumstances the Fourier series converges

f(r) =0

(1) Example 1

eaw

 f(r) =

ex — 1 a2 + 4n2r2

flw) =

[Cosine coeffts (real part) ~ O(r=2). a = 2. First 300

coeffts exceed 1079.]

(2) Example 2

1 — p?

. f(r) =p"; <1
1 —2pcos2nmx + p? /( o' el

flw) =

[p = %; coefficients after »r = 20 are less than 107°.]

Any pattern?



- _ f()—=r) (1) - f'(0)
fr) = - 2mir - (2mir)? S
_f@Y(1) — femb(0) L fo)(r
o (2mir)P T (27m'7“)pf (r).

Generally, f(r) = O 1).

GOOD NEWS: When f®)(1) = f&)(0) s=0,1,...,p— 1,
then f(r) = O(r—p).

BETTER STILL: When f(x) is periodic with period 1,
then f(r) = O(r~P) for all p.

BEVWARE: FCAE is generally divergent and is generally
NOT
semi-convergent.

WORSE: It can CONVERGE to WRONG limit. When ¢(z)

is periodic, the FCAE for f(r) coincides with the FCAE for

(f(r) + o(r)).
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PART 2: FFT Approach

FAST FOURIER TRANSFORM

(Beloved of Engineers and others)



Denote the m-panel trapezoidal rule approxima-

tion to I,(vy(x)) = Iy by

R (y(z)) = rI™ z B /m).

1
m ;
Recall f(r) = I, (f(a:)e_zmm). Introduce to DIS-
CRETE FOURIER COEFFICIENT

Rg[vm] (f(x)e—Qﬁim:)
Y. e 2 mE(j /m)

1
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The FAST FOURIER TRANSFORM

m linear equations r € [—mT_l,%] of form f = Af.

A has well-defined structure.

Matrix multiplication can be effected in order mlog m

operations instead of order m2 operations.



Aliasing Formula
ey = Fe)+ Fr+m)+ Fr+2m)+ ...
+f(r—m)+ f(r —2m) + ...
= Z f(r 4 km)

k=—cc

confirms flml(r) is periodic, i.e., flm(r) = flml(r 4+ m).

f(r) is NOT periodic, but approaches zero.

10



Some of the Discrete Fourier Coefficients are coefficients of

the interpolating Trigonometric Polynomial. Thus, set

olml(r) = flm(r)  |r| < m/2

olml(r)y = 2 fm(r) r=4£m/2

¢lml(r) =0 r| > m/2
INTERPOLATING TRIGONOMETRIC POLYNOMIAL is

f[m](CB) — Z g’b\[m](,’a)e—Qwirm — Z l]?‘[m](,r,)e—Qﬂ'ir:B

r=—o0 [r|<m/2

Properties:
(@) = f(z) = =j/m
@) = F@) <2 > )

[r[>m/2
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f(@)
Fr)
Fo )

A (r)

fimi(a)

SUMMARY

is our original function.
is the r-th Fourier coefficient of f(x).

is an approximation to this Fourier coefficient
using the m-panel trapezoidal rule. This is

cyclic, i.e., flml(r +m) = flmi(y).

is essentially the useful subset
of flml(r), that is,

ol(r) = flml(r)  |r| < m/2
olml(r) = ZfmI(r) |r| =m/2
pml(r) =0 r] > m/2

is the interpolating trigonometric polynomial of
degree m/2. Constructed from the useful subset

().

f[m](ZC) — qu[m](,r,)eQﬂ'irw — Z lfA'[m](,r,)eQﬂ'imc

allr r<m/2
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PART 3. FCAE

Fourier Coefficient Asymptotic Expansion
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Integrate by parts to obtain

1
o) = | e

/ f (aj)e—szm;
—2mr

f'(aj)e—Qwir:B

—2mr
_ f(1) - f(0) 1 5
- 2mr t 2mr F(r)
Iterate to obtain
PR (O R (O ORT (N
2mir (2mir)?
fe=b(1) — f*=1(0) 1w
Bl (2mir)P t (2mir)P SHr).

This is the FCAE: Fourier Coefficient Asymptotic Expansion
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PART 4

Joint Approach

combining the good features of the

FCAE and the FFT
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- _ f)—=f)  f(1) - f(0)
f) = e
e~ (1) — f*=1(0) 1 )
o (2mir )P T (27T’i7“)pf ),
Subtract out linear trend
f(z) =

(F(1) = FO)(& = 2) + (f@) = (F(1) = FO) (&~ 2))

= hi(z) + g2(=)

F(r) = Ra(r) + da(r)
~ hi(r) + 55" (r) = B (r)
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Iterate

flz) = hp—l(aj) + gp(x)

p—1
hp—l(x) — Z Aqu(iC)/q!
q=1

where )\, = (fle=D(1) — fe=1)(0)). This is a KNOWN poly-

nomial of degree p — 1.
hp-1(r) = ZA By(r)/q!

q_

= Z A/ (2mir)d

q_

On the other hand,

gp(z) = f(z)— hp-1(z)
is a function one can evaluate at any abscissa z. It satisfies
g5 (1) — ¢{¥(0) =0 s=0,1,...,p—1

and so

§p(7“) =O0(r™?)
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Part 1 Theoretic Approach

Part 2 FFT Approach
Part 3 FCAE
Part 4 Combined Approach

Other Parts:

e Examples of accuracy of numerical process.

e Given p,m, how to estimate accuracy of numerical re-

sult.

e How to update p,m during numerical process to obtain

preset absolute accuracy e.

e Successively inaccurate derivatives. No need to com-

promise numerical integrity.
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